Abstract. The non-negativity of the CR Paneitz operator plays a crucial role in three-dimensional CR geometry. In this paper, we prove this non-negativity for embeddable CR manifolds. This result and previous works give an affirmative solution of the CR Yamabe problem for embeddable CR manifolds. We also show the existence of a contact form with zero CR Q-curvature, and generalize the total Q-prime curvature to embeddable CR manifolds with no pseudo-Einstein contact forms. Furthermore, we discuss the logarithmic singularity of the Szegő kernel.
Introduction
For three-dimensional strictly pseudoconvex CR manifolds, the non-negativity of the CR Paneitz operator has been of great importance; it is closely related to global embeddability [CCY12] and the CR positive mass theorem [CMY17] . It is known that there are closed non-embeddable CR manifolds of dimension three with not non-negative CR Paneitz operator; see [CMY17, Section 4.1] for example. On the other hand, Chanillo, Chiu, and Yang [CCY13] have proved that the nonnegativity condition holds for sufficiently small deformations of a strictly pseudoconvex real hypersurface in C 2 with vanishing Tanaka-Webster torsion. Moreover, Case, Chanillo, and Yang [CCY16] have shown that the non-negativity of the CR Paneitz operator is preserved under real-analytic deformations in C 2 with uniform positivity of the Tanaka-Webster scalar curvature and the stability of the CR pluriharmonic functions. The aim of this paper is to prove the non-negativity of the CR Paneitz operator for embeddable CR manifolds.
Theorem 1.1 (= Theorem 4.4). Let (M, T 1,0 M ) be a closed embeddable strictly pseudoconvex CR manifold of dimension three. Then the CR Paneitz operator is non-negative, and its kernel consists of CR pluriharmonic functions.
Here we give an outline of the proof of Theorem 1.1 given in Section 4; our proof is inspired by that of the Siu-Sampson result for harmonic maps [Siu80, Sam86] 
The CR Yamabe problem is to find a contact form θ satisfying
such a contact form is called a CR Yamabe contact form. Recently, Cheng, Malchiodi, and Yang [CMY19] have found that the CR Yamabe problem has no solution on the Rossi sphere, which is an example of a non-embeddable CR manifold. Nonetheless, the CR Yamabe problem is solvable for embeddable three-dimensional CR manifolds.
Theorem 1.4 (= Theorem 4.6). There exists a CR Yamabe contact form on any closed embeddable strictly pseudoconvex CR manifold of dimension three.
We will also apply Theorem 1.1 to the zero CR Q-curvature problem. Fefferman and Hirachi [FH03] have introduced the CR Q-curvature Q θ by using the ambient space, and proved that its integral, the total CR Q-curvature, is a CR invariant. However, it turns out that the total CR Q-curvature must be zero [Mar18, Theorem 1.1]. Moreover, the CR Q-curvature itself is identically zero for pseudo-Einstein contact forms. For these reasons, it is natural to ask whether a CR manifold admits a contact form with zero CR Q-curvature. In dimension three, some authors have tackled this problem via the CR Q-curvature flow [CCC07, SC11, CKS19] . In this paper, however, we will take a more functional-analytic approach. The existence of such a contact form gives a generalization of the total Q-prime curvature to embeddable CR manifolds with no pseudo-Einstein contact forms. Let (M, T 1,0 M ) be a closed strictly pseudoconvex CR manifold of dimension three and θ a contact form on M . The Q-prime curvature Q ′ θ is defined by
Case and Yang [CY13] have proved that the integral of the Q-prime curvature
is independent of the choice of a pseudo-Einstein contact form θ, and defines a CR invariant of (M, T 1,0 M ), called the total Q-prime curvature. However, the invariance of this integral follows from only the fact that a pseudo-Einstein contact form is of zero CR Q-curvature; see Section 5 for details. Hence, if (M, T 1,0 M ) is embeddable, then the total Q-prime curvature is well-defined and gives a CR invariant. The total Q-prime curvature and the CR Yamabe constant satisfies the following inequality, which is a CR analog of [Gur99, Equation (1.4)]. 
with equality if and only if (M,
We will also apply our results to the logarithmic singularity of the Szegő kernel. Let Ω be a strictly pseudoconvex domain in a two-dimensional complex manifold and θ a contact form on ∂Ω. Define the Hardy space H θ (Ω) consisting of the boundary values of holomorphic functions on Ω that are L 2 with respect to the volume form θ ∧ dθ on ∂Ω. The Szegő kernel S θ (z, w) is the reproducing kernel of H θ (Ω). Fix a defining function ρ of Ω. The boundary behavior of S θ on the diagonal is given by
where φ θ and ψ θ are smooth functions on Ω. Moreover, the Tayler coefficients of ψ θ at a given boundary point is uniquely determined by the behavior of θ near the point [BdMS76] . Hirachi [Hir93] has proved that 
1). Let Ω be a two-dimensional strictly pseudoconvex domain whose boundary admits a pseudo-Einstein contact form. For a contact form θ on ∂Ω, the function ψ θ vanishes to first (resp. second) order on the boundary if and only if θ is pseudo-Einstein and ∂Ω is obstruction flat (resp. spherical).
Remark that the above theorem has been obtained by Hirachi in the case when Ω is a domain in C 2 and ∂Ω has transverse symmetry [Hir93] . It would be an interesting problem what happens when ∂Ω has no pseudo-Einstein contact forms. This paper is organized as follows. In Section 2, we recall some basic definitions and facts on CR manifolds. In Section 3, we introduce a CR analog of d c , which is closely related to CR pluriharmonic functions and plays an important role in the proofs of our results in this paper. Section 4 is devoted to proofs of Theorems 1.1 and 1.4. In Section 5, we tackle the existence problem of a contact form with zero CR Q-curvature. Section 6 deals with the logarithmic singularity of the Szegő kernel.
Preliminaries
Let M be a smooth three-dimensional manifold without boundary. A CR structure is a complex one-dimensional subbundle
An important example of a three-dimensional CR manifold is a real hypersurface M in a two-dimensional complex manifold X; this M has the canonical CR structure
Introduce an operator
A CR pluriharmonic function is a real-valued smooth function that is locally the real part of a CR holomorphic function. We denote by P the space of CR pluriharmonic functions.
A CR structure T 1,0 M is said to be strictly pseudoconvex if there exists a nowhere-vanishing real one-form θ on M such that θ annihilates T 1,0 M and
we call such a one-form a contact form. Denote by T the Reeb vector field with respect to θ; that is, a unique vector field satisfying
Let Z 1 be a local frame of T 1,0 M , and set 
where l 11 is a positive function. We use l 11 and its inverse l 11 to raise and lower indices.
A contact form θ induces a canonical connection ∇, called the Tanaka-Webster connection with respect to θ. It is defined by
with the following structure equations:
The tensor A 11 = A 11 is called the Tanaka-Webster torsion. We denote the components of a successive covariant derivative of a tensor by subscripts preceded by a comma, for example, K 11,1 ; we omit the comma if the derivatives are applied to a function. We use the index 0 for the component T or θ in our index notation. The commutators of the second derivatives for u ∈ C ∞ (M ) are given by
Define the sub-Laplacian ∆ b by
From the above commutation relations, it follows that
The curvature form Ω Letθ = e Υ θ be another contact form, and denote by T the corresponding Reeb vector field. The admissible coframe corresponding to ( T , Z 1 , Z 1 ) is given by
Under this conformal change, the sub-Laplacian ∆ b with respect toθ satisfies
An important example of a strictly pseudoconvex CR manifold is the boundary of a strictly pseudoconvex domain. Let Ω be a relatively compact domain in a two-dimensional complex manifold X with smooth boundary M = ∂Ω. Then there exists a smooth function ρ on X such that
such a ρ is called a defining function of Ω. A domain Ω is said to be strictly pseudoconvex if we can take a defining function ρ of Ω that is strictly plurisubharmonic near M . The boundary of a strictly pseudoconvex domain is a closed strictly pseudoconvex real hypersurface; the one-form d c ρ| M is a contact form on M .
CR pluriharmonic functions and pseudo-Einstein condition
Let (M, T 1,0 M ) be a strictly pseudoconvex CR manifold of dimension three and θ a contact form on M . We first introduce a CR analog of d c , which implicitly appears in the proof of [Hir14, Lemma 3.2].
Lemma 3.1. The differential operator
is independent of the choice of θ.
Proof. Consider the conformal changeθ = e Υ θ. From the transformation law of the sub-Laplacian, we obtain
which completes the proof.
As in complex geometry, CR pluriharmonic functions are smooth functions annihilated by dd c CR .
where Proof. Take a smooth function u ′ on Ω with u
In particular, u is a CR pluriharmonic function if and only if dd
On the other hand, the (1, 1)-part of dd Set
If we choose v so that v|
and define a two-form W (θ) on M by
A contact form θ is said to be pseudo-Einstein if W (θ) = 0.
Lemma 3.5. The two-form W (θ)/2π is closed and gives a representative of the first
Chern class c 1 (
Proof. It follows from (2.1) that 
In particular, in the case that θ is pseudo-Einstein, so isθ if and only if Υ is pseudo-Einstein.
Proof. Under the conformal changeθ = e Υ θ,
see [CY13, Equation (3.4)]. Hence
c CR Υ, which establishes the formula.
CR Paneitz operator in dimension three
Let (M, T 1,0 M ) be a closed three-dimensional strictly pseudoconvex CR manifold and θ a contact form on M . The CR Paneitz operator P θ is defined by
The CR Paneitz operator is formally self-adjoint [GG05, Proposition 5.1], and annihilates CR pluriharmonic functions. We first show an integral formula for P θ by using d c CR . 
Lemma 4.2. Let F be a smooth function on Ω with
Proof. We first note that
Take a local frame Z 1 of T 1,0 X ∩ Ker ∂ρ, and set Z 1 = Z 1 . Since M is strictly pseudoconvex, dd c ρ( Z 1 , Z 1 ) is non-zero near M , and
This proves the lemma.
We need a solution of the Dirichlet problem with respect to ∆ + .
Proposition 4.3. For each u ∈ C ∞ (M ), there exist smooth functions F and G on
Proof. For a smooth function f on Ω, a calculation shows that
By using an inductive argument and Borel's lemma, we obtain smooth functions F 0 and G on Ω such that F 0 | M = u and
where 
The right hand side is continuous up to M and equal to zero on M . By using Stokes' theorem, we have
If the equality holds, then u must be pluriharmonic on Ω. Hence dd c u ∧ dρ = 0 on Ω. From the above computation, it follows that
is continuous up to M and vanishes along M . Therefore we have dd
From the above proof, we obtain the following 
, then u must be smooth.
Denote by Π θ the orthogonal projection to Ker P θ . We write G θ for the partial inverse of P θ ; that is, G θ is a bounded linear operator from
From the latter statement of the above theorem, it follows that G θ maps Ran P θ ∩ C ∞ (M ) to itself, and Π θ defines a linear operator
CR Q-curvature in dimension three
In this section, we discuss the zero CR Q-curvature problem in dimension three and some applications. Let (M, T 1,0 M ) be a closed three-dimensional strictly pseudoconvex CR manifold and θ a contact form on M . The CR Q-curvature Q θ is defined by
11, ). From Bianchi identities, it follows that
In particular, the CR Q-curvature vanishes for pseudo-Einstein contact forms. Under the conformal changeθ = e Υ θ, the CR Q-curvature transforms as follows:
We first discuss orthogonality relations between Q θ and P. The integral of the product of a CR pluriharmonic function and the CR Q-curvature has a cohomological expression.
Since W (θ)/2π is a representative of c 1 (T 1,0 M ), we have the desired conclusion. Similarly, the vanishing of the first Chern class implies the orthogonality of the CR Q-curvature to P.
Now we consider the zero CR Q-curvature problem for embeddable CR manifolds. 
Υ θ is also a contact form with zero CR Q-curvature, then Υ is annihilated by P θ , and so it is CR pluriharmonic by Theorem 4.4.
The Q-prime curvature Q ′ θ is defined by
Under the conformal changeθ = e Υ θ, the integral of the Q-prime curvature transforms as follows:
see [CY13, Proposition 6.3]. In particular, the integral of the Q-prime curvature
is independent of the choice of a contact form θ with zero CR Q-curvature, and defines a CR invariant of (M, T 1,0 M ), which we call the total Q-prime curvature. This invariant and the CR Yamabe constant satisfy the following inequality. 
On the other hand, it follows from the non-negativity of P θ that
Therefore we get the desired inequality. Moreover, if the equality holds, thenθ has vanishing Tanaka-Webster torsion, and it is a pseudo-Einstein contact form since Scal is constant. Conversely, suppose that (M, T 1,0 M ) admits a pseudo-Einstein contact form θ with vanishing Tanaka-Webster torsion; in this case, the TanakaWebster scalar curvature is constant. Without loss of generality, we may assume that M θ ∧ dθ = 1. From Theorem 4.6, [JL88, Corollary B], and [Wan15, Theorem 4], it follows that θ is a CR Yamabe contact form, and so the equality holds. 
